The use of ow sensitivities has become an integral part of ow optimization-based aerodynamic design and is useful for the e cient calculation of perturbed ows. However, there are still many issues to be resolved, especially for ows having discontinuities. In this paper, ow sensitivities for a variety of numerical methods are calculated using nite di erences, automatic di erentiation and the sensitivity equation method. The ow sensitivities are calculated for the Riemann problem of gas dynamics. An attempt is made to explain and understand di culties that arise in the calculation of ow sensitivities in ows with discontinuities.
Introduction
Flow sensitivities, i.e., the derivatives of the variables that describe the ow with respect to parameters that determine the ow, are useful in at least three settings. First, they are interesting in their Work Supported by O ce of Naval Research under grant number N00014-93-1-1004; Graduate Student, Mathematics Dept., Student Member, AIAA y Work supported by the Air Force O ce of Scienti c Research under grant number F49620-93-1-0280; Professor of Mathematics own right since they tell the engineer what, when, and where these parameters most in uence the ow. Second, they can be used in a Taylor series or some other like setting to determine nearby ows, i.e., given the ow variables and their sensitivities at speci ed values of the parameters, one can determine approximations to the ow variables at nearby values of the parameters. Certain methods for computing the sensitivities result in the determination of the nearby ow at much less cost compared to doing a full-edged ow solution at the new value of the parameters. Third, ow sensitivities can be used within an optimization setting to help determine the gradient of the objective functional with respect to the parameters that participate in the optimization process.
The results presented by Borggaard, 3 Borggaard, et. al., 4 Burkardt 5 and Appel, et. al. 1 clearly demonstrate the usefulness of sensitivities in the context of ow optimization. However, for sensitivities to be a truly useful tool in the other two contexts there will need to be improvements made on how the sensitivities are de ned, computed, and utilized; such improvements will also result in better performance of the optimization process.
The rst step in improving and correcting the sensitivities is gaining an understanding of how di er-ent ow phenomena and methods for calculating the sensitivities a ect the ow sensitivities.
Sensitivity Methodology
The calculation of sensitivities falls into two different classes. The rst is the \discretize-thendi erentiate" approach. In this class of methods, the discrete equations for the approximate ow solution U h are di erentiated with respect to a parameter to determine a discrete set of equations for the approximate sensitivity (U h ) . There are two prominent methods in this class. The rst is the automatic di erentiation (ADIFOR) 2, 7 approach, which, in e ect, applies the chain rule to di erentiate the ow simulation code with respect to a parameter . The second method in this class is the nite di erence approach wherein approximate sensitivities are calculated by perturbing the original parameter by an amount 4 and then applying a standard nite di erence quotient formula, e.g., (U h )
. The belief is that as 4 ! 0, the nite di erence sensitivity will approach the automatic di erentiation sensitivity. The \true" derivative of the discrete variables with respect to the parameter is then assumed to be the automatic-di erentiation sensitivity, but this still does not produce the exact sensitivity.
The second class of sensitivities is the \di erentiate-then-discretize" approach. In this class of methods the original system of partial di erential equations for the ow solution, U, are di erentiated with respect to a parameter to get a system of linear partial di erential equations for the approximate sensitivities U , which will be called the continuous sensitivity equations. This system can then be discretized to solve for the sensitivities, (U ) h . For example, the system of PDE's for the sensitivities can be discretized in the same manner as the original system of PDE's for the ow. This type of approach is referred to as the sensitivity equation method. Note, in general (U ) h 6 = (U h ) , which may lead to di culties. 6 Each type of approximate sensitivity may be preferable, depending on the setting. For example, in an optimization problem one may want to calculate the gradient of a discretized cost functional. In this case, the \discretize-then-di erentiate" approach will provide a \true" gradient, but may be more costly. It is important to note that thenite di erence approach requires at least one more complete ow solve, while the sensitivity equation method can be solved very cheaply due to the linearity of the PDE. The cost of the ADIFOR approach can be of the same order as for the nite di erence approach. An example which compares the three sensitivity calculation methods mentioned above on the Riemann problem is given in Fig. 1 . Note that all three only provide approximations to the true sensitivities. 
Riemann Problem
The one-dimensional Riemann or shock tube problem from gas dynamics 8, 10, 11 will be used in the calculation of the sensitivities as it contains many \troublesome" aspects present in typical ow solutions, including shock waves, rarefaction waves and contact discontinuities. In this problem, two gases of di erent pressures and densities are in a tube separated by a diaphragm. If the diaphragm is broken, the gas of higher pressure and density will ow into the gas of lower pressure and density. The Riemann problem is to calculate this ow as a function of time and space.
The one-dimensional equations of gas dynamics can be written in conservation law form as 3 7 5 and where is the density, u is the velocity, m = u is momentum, P is the pressure, and e is the internal energy per unit volume. The variables are related by e = + 
Solution of the Riemann Problem
The solution of the one-dimensional Riemann problem has ve distinct regions as seen in Fig. 3 : region (1) Low pressure and density; region (2) Area between shock and contact discontinuity; region (3) Area between contact discontinuity and rarefaction wave; region (R) Rarefaction wave; and region (4) High pressure and density. The exact solution can be solved for explicitly as a function of x and t in each region 8, 9 and for brevity it is not included here. The solution at time t = 0:148 and for 0 x 1 
Di erentiated Sensitivity of the Riemann problem
Several methods for calculating ow sensitivities are considered by calculating the sensitivity of the ow 3 American Institute of Aeronautics and Astronautics with respect to a speci c parameter. The parameter chosen is the initial high pressure P 4 . In the following sections the ow sensitivity with respect to P 4 will be calculated using nite di erences, the sensitivity equation method and ADIFOR for a variety of numerical schemes. The exact sensitivity can be calculated in each region from the explicit solution of the Riemann problem. 8, 9 The solution of the one-dimensional Riemann problem has ve distinct regions as seen in Fig. 3 . Hence, the solution can be di erentiated in each region to calculate the sensitivity of the ow in that region with respect to the variable P 4 . It is important to note that the di erentiation is not across shocks or contact discontinuities. If the di erentiation had occurred across these phenomena then a -function would result at the discontinuity. In either case, the di erentiated solution should hold everywhere in the domain except at the point where the discontinuity occurs. After di erentiation, ow sensitivities with respect to P 4 at a time t and a position x are given below. The regions are the same as those de ned for the explicit ow solution. In region (4) 
Across the contact discontinuity the pressure and velocity are continuous so that, the sensitivity variables P 0 2 = P 0 3 and u 0 2 = u 0 3 . The equation for P 0 2 is found by di erentiating the implicit Eq. 5 for P 2 with respect to P 4 and solving for P 0 2 . 
The ow sensitivity with respect to the parameter P 4 is graphed in Fig. 5 at time t = 0:148 and for 0 x 1. Note, the discontinuities at either end of the rarefaction wave.
The Continuous Sensitivity Equations
The continuous sensitivity equations for the sensitivity equation method are derived by di erentiating the original ow equations, Eq. 1 and initial conditions with respect to P 4 . The continuous sensitivity equations can be written in conservation law form as S t + @G @P 4 (U; S) Note that, as is discussed in Section 8., the sensitivity equations, Eq. 12 or Eq. 13, only hold within each of the regions 1-4 and R, but do not hold across the shock, the contact discontinuity, or even at the two edges of the rarefaction wave.
Numerical Methods
The Riemann problem and the continuous sensitivity equations are solved using three di erent numerical schemes. The rst is a two-step Lax-Wendro nite di erence scheme described in Sod. 
The second is the Godunov nite di erence scheme described in Sod. The nal scheme is the Roe scheme. The above numerical schemes are in terms of the original Riemann problem. For the continuous sensitivity equations, using the Lax-Wendro and Godunov schemes, U is replaced by S and F is replaced by @G @P4 . The Roe scheme for the continuous sensitivity equations will be discussed later.
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The sensitivities have been calculated usingnite di erences, ADIFOR, and the sensitivity equation method using the three numerical schemes described above. The spatial grid size was 4x = 0:01 for the Lax-Wendro and Godunov schemes and 4x = 0:005 for the Roe scheme, while the temporal grid size was 4t = 0:004 for the Lax-Wendro scheme and 4t = 0:001 for the Godunov and Roe scheme. The numerical solutions of these sensitivities are given in Fig. 6, Fig. 7, and Fig. 8 . The gures clearly show little di erence between the three di erent sensitivity calculations, except for the sensitivity equation method using the Roe scheme which will be discussed later. Thus, the method or numerical scheme may not be that important and the easiest and cheapest method should be used. But, there are still many problems with the sensitivities in the presence of ow discontinuities. The numerical solutions can be checked against the exact di erentiated sensitivity as is shown in Fig. 9 . Since all the methods are basically the same, only the Lax-Wendro scheme is considered.
Clearly, the sensitivity calculation methods have problems wherever there is a discontinuity in the ow or in the sensitivity. The reason for this is discussed in Section 8. 
Roe scheme
In comparing the ow equations in nonconservation law form, Eq. 2 and the continuous sensitivity equations in nonconservation law form, Eq. 13, it is easy to see that the equations are closely related. In fact they are exactly the same equations for the variables U and S with di erent initial conditions. Also, the fact that A depends on U states that the ow equations are nonlinear and the continuous sensitivity equations are linear with a discontinuous coe cient matrix A(U). It seems likely that the continuous sensitivity equations can be solved in the same manner as the ow equations are solved. The Roe scheme for the ow equations is based on computing the exact solution to an approximate Riemann problem at each grid point. The equation for the approximate Riemann problem is U t +Ã(U L ; U R )U x = 0 (19) whereÃ(U L ; U R ) is a constant matrix depending on U L and U R , the left and right states of the ow at a speci c grid point. The matrixÃ must satisfy several properties 9 to ensure that the Roe scheme correctly calculates the ow. The corresponding approximate Riemann problem for the one-dimensional gas dynamics equations is well known. 9 It is based on calculating a rho averaged matrixÃ from the Jaco- bian matrix A(U). The solution to Eq. 19 is known exactly 10 and can be written as a sum of waves and wave speeds. Since the nonconservation law form of both the ow equations and the continuous sensitivity equations are the same equation in di erent variables it would seem that the continuous sensitivity equations could be solved in the same manner as the ow equations. That is, the same approximate Riemann problem could be set up at each grid point using the same rho averaged Jacobian. The solution would then include the same wave speeds, but the waves would change since they would depend on the sensitivity variables S and not the ow variables. Clearly, this approach does not provide correct answers as is seen in Fig. 8 . Hence, one must be careful when solving the continuous sensitivity equations. It is important to note that if the initial conditions for the continuous sensitivity equations are changed to the initial conditions corresponding to the ow equations, then the two equations, Eq. 2 and Eq. 13 are identical. The continuous sensitivity equations were solved using the above Roe scheme and the ow initial conditions to calculate the correct ow solution. This validates the correctness of the Fortran program, but does not give any indication as to why this form of the Roe scheme fails for the continuous sensitivity equations. 
Flow Sensitivities and Discontinuities

Shock waves
The calculation of ow sensitivities in the presence of shock waves is a di cult enterprise. In the sensitivity equation method, the automatic di erentiation method, and the nite di erence method, one must deal with the discontinuities occurring at the shock wave.
Suppose that the ow is characterized by a single parameter . Then since the ow is described by a one-dimensional equation, the ow may be viewed as a function of x and , i.e. U(x; ). (All references to the time t have been omitted as it is assumed that all calculations are performed at a speci c time t 0 .) For a ow simulation one would pick a particular value of 0 for the parameter and then proceed to determine U as a function of x, i.e., U(x; 0 ). The location of the shock wave is denoted by x s . In general, if the value of the parameter is changed, the location of the shock wave changes so the shock location is a function of the parameter, x s = x s ( ). Thus, for a xed value of the parameter = 0 , the ow vari-7 American Institute of Aeronautics and Astronautics able U(x; 0 ) is a discontinuous function of x, and certainly can not be di erentiated with respect to x at x s ( 0 ). Likewise, if the value of x is xed to, say x = x 0 , then for at least some x 0 , U(x 0 ; ), viewed as a function of is discontinuous and hence not di erentiable with respect to at x s ( ) = x 0 .
The conclusion that can be drawn from the above discussion is that, strictly speaking, ow sensitivity derivatives do not exist at shock waves in much the same way that spatial and temporal ow derivatives do not exist at those locations. In the calculation of ow sensitivities by all three approaches, the presence of shock waves has been ignored, e.g., the same algorithm has been applied at points in (x; )-space where a shock wave is present as was applied at points where the ow is smooth. As a result, ow sensitivities with large spikes at the shock are obtained; these spikes approximate the -function which the exact ow sensitivities contain at that location.
To see how these spikes arise, consider the difference quotient approach to approximating sensitivities. The ow is computed at (x 1 ; 1 ) and at 
Of course, if the ow is smooth and 4 is small, then both the numerator and the denominator in Eq. 20 will be small, and in fact, as 4 ?! 0, both approach zero in such a way that their ratio converges to @U=@ (x 1 ; 1 ). Now, suppose that the points (x 1 ; 1 ) and (x 1 ; 1 + 4 ) lie on opposite sides of the shock wave. Then even if 4 is small, the numerator in Eq. 20 is relatively large. Hence, the solution of the nite di erence sensitivity is large and a spike occurs when di erencing across a shock. In the sensitivity equation approach, the same spikes develop. To understand this consider Eq. 1. Again suppose one parameter determines the ow, then U(x; t; ). The equation for the sensitivity U = @U=@ , is determined by di erentiating Eq. 1 with respect to @U @t + @ @x G (U ; U) = 0
where the ux function G (U ; U) of the sensitivity equation is de ned by
In calculating this equation it is important to notice that the orders of di erentiation have been interchanged.
In smooth regions of the ow, there is no di culty in interchanging derivatives; however, at a shock wave the derivation embodied in Eq. 21 is not allowable due to the non-existence of the appropriate derivatives at that location. Thus, one should not use the ux function G as de ned above.
Contact Discontinuities
Contact discontinuities are another source of error in the sensitivity calculations. Across a contact discontinuity, the velocity, u and the pressure, P, are continuous while the density, and hence other conserved quantities experience a jump discontinuity. Thus, for the conserved quantities the same problems as are described above arise and spikes arise in the conserved quantities sensitivities at the contact discontinuity.
Rarefaction waves
The nal source of error considered here is the rarefaction wave. Previously, it has been believed that since the rarefaction wave is continuous then the sensitivities will also be continuous and of little problem computationally. Although the sensitivities are continuous in the rarefaction wave, they still present computationaldi culties. A new problem has arisen at either end of the rarefaction wave. The sensitivities introduce a jump condition at both ends of the wave making it di cult to capture the correct sensitivity. In e ect, a smearing of the discontinuity takes place at both ends of the rarefaction wave. This is very noticeable in the 0 variable.
Conclusion
Flow sensitivities have applications not only in ow optimizations, but also in the calculation or perturbed ows and as informational tools. Flow sensitivities are currently being used in ow optimizations, but to be a useful tool in the other contexts 8 American Institute of Aeronautics and Astronautics many improvements are needed. One of these improvements is in the area of calculation of sensitivities in discontinuous ows. Shocks, contact discontinuities and even rarefaction waves, even though they are not discontinuous, cause major di culties in these calculations. Now that the problems have been isolated and an understanding has been gained, the next step is to compute \correct" ow sensitivities. If this can be done in an e cient manner, then the applications to optimization, nearby ows and other settings are numerous.
